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ABSTRACT. We formulate and prove the analogue of Moser's stability theorem J7J for locally con- 
formally symplectic structures. As special cases we recover some results previously proved by 
Banyaga (TJ. 

o 

^J- . 1. Introduction 



o 



In this paper we prove a version of the Moser stability theorem for locally conformally symplec- 
tic structures. These structures were introduced by Lee H and Vaisman (S), and have been studied 
extensively by Vaisman, Banyaga and many others. We refer the reader to 03 El El [H [6l HI and to 
the references given there for a more thorough discussion. 

A locally conformally symplectic or lcs form on a manifold M is a non-degenerate 2-form uj 
which is locally conformal to a symplectic form. More formally: 

Definition 1. A non-degenerate 2-form uona manifold M is said to be locally conformally sym- 
plectic if there exists an open covering {Ui} of M and a smooth positive function /j on each Ui 
such that fiU)\u l is symplectic on U^ 

It is straightforward to see, and was first observed by Lee (5), that this is equivalent to the 
existence of a closed 1-form 9 such that 



OO 



(1) cIuj = 9Auj. 

We assume throughout that the dimension of M is at least 4. Then the 1-form 9, called the Lee 
form of uj, is uniquely determined by uj because the wedge product with a non-degenerate 2-form 
is injective on 1-forms. When 9 vanishes identically, the form uj is symplectic. 

Two lcs forms uj and uj' are said to be (conformally) equivalent if there exists some positive 
function / such that uj = fuj'. A locally conformally symplectic structure is an equivalence class 
of lcs forms for this relation. Note that the de Rham cohomology class of the Lee form is an 
invariant of the lcs structure because a conformal rescaling of uj changes 9 by the addition of an 
exact form. 

If an lcs structure contains a symplectic representative, then the structure is globally conformally 
symplectic. This is the case if and only if the Lee form is exact. 

The purpose of this paper is to give a necessary and sufficient condition for the existence of 
an isotopy making a smooth family of lcs structures constant. This result, Theorem |3] proved in 
Section |3j is the lcs analogue of Moser's theorem for symplectic forms. However, for the 
conformally invariant notion of lcs forms, the appropriate formulation is not for an isotopy of 
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forms, but for an isotopy of their conformal equivalence classes. We will show that Theorem [3] 
implies as special cases some results of Banyaga [1J giving sufficient conditions for the existence 
of an isotopy of certain families of lcs structures. Although we prove a more general result than 
Banyaga [TJ, our proofs are simpler, even for the special cases he considered; compare Section |4] 
below. 

The proof of Theorem [3] involves Hodge theory for the Lichnerowicz cohomology, which we 
review in Section [2] As a byproduct we give an answer to a question raised by Banyaga in [0. 

To end this introduction, let us remark on the notation we use. There are a number of conven- 
tions, especially concerning signs, involved in the definition of the Lee form and in the discussion 
of Lichnerowicz cohomology. We use CD as our definition of the Lee form, and we have chosen 
the sign conventions for the Lichnerowicz cohomology in such a way that they fit conveniently 
with (OQ). 

2. Lichnerowicz cohomology 

An important tool in the study of lcs structures is the ^-cohomology introduced in Hi, compare 
also EE 13. 

Let M be a smooth manifold, and 9 a closed 1-form on M. One defines a first order differential 
operator dg as follows: 

(2) dg/3 = df3 — 8 A (3 , 

where (5 is any differential form. It is straightforward to verify that do squares to zero, so that 
one obtains a modified de Rham complex (fi*(M), do). Its cohomology vector spaces H g (M) are 
called the (ig-cohomology, or Lichnerowicz cohomology of M with respect to 9. This only depends 
on the de Rham cohomology class of 9, for if 9' = 9 + d In / for some positive function /, then he 
formula 

(3) fdoP = de+dbxfifP) 

shows that multiplication by / is a chain map between (fi*(M), d e ) and ($7*(M), dg>) inducing an 
isomorphism in cohomology. 

In the case when 9 is the Lee form of an lcs form to, equation (Q]) shows that uj is (ig-closed, and 
so defines a class in H e (M). If we consider the lcs structure defined by uj, and uj' = fuj, then the 
Lee form of uj' is just 9' = 9 + a? In /, and the class [uj] G H e (M) is mapped to [uj 1 ] G Hg,(M) by 
the above isomorphism. 

The Lichnerowicz cohomology shares many properties with the ordinary de Rham cohomol- 
ogy, see for example flU 0. For our purposes it is useful that Hodge theory applies to the dg- 
cohomology. 

Let us assume that M is closed and oriented. Then the modified de Rham complex (f2*(M), dg) 
is an elliptic complex. In particular, its cohomology is finite-dimensional. If we equip M with an 
arbitrary Riemannian metric g, then we can define an operator d* e as the formal L 2 -adjoint of do 
with respect to g. Further, Ag = dod* g + d* e do is the corresponding Laplacian. These operators 
are lower-order perturbations of the corresponding operators in the usual Hodge-de Rham theory 
(corresponding to 9 = 0), and therefore have much the same analytic properties. For example, the 
usual proof of the Hodge decomposition theorem, see e.g. [0, goes through, and one obtains an 
orthogonal decomposition 

Q\M) = H k {M) ® de{tt k -\M)) ® d* 9 (Q k+1 (Mj) , 
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where H k (M), the space of A^-harmonic forms, is isomorphic to Hg(M). 

Any c^-exact A;-form is contained in <ie(O fc_1 (M)), which is in fact equal to d e d* e {Vt k (M)). 
Integration by parts shows that 

d : d* e {Q k {M)) — ► Q k {M) 

is injective, so that every <ig -exact form has a unique primitive in the image of d* 6 . 

Finally, note that on a closed oriented manifold the index of the elliptic complex (0*(M), de) is 
determined, via the Atiyah-Singer index theorem, by its symbol sequence, which is independent 
of 9. Therefore, the Euler characteristic of the Lichnerowicz cohomology coincides with the usual 
Euler characteristic. 

Example 2. Banyaga [|2l considers the Lichnerowicz cohomology on a certain 4-manifold M of 
Euler characteristic zero. For a particular closed one-form 9 he shows that the dimensions of 
Hg(M) are at least one for i = 1, 2, 3, and asks whether the dimensions might be exactly one, see 
Question 3 on page 5 of ||2l. 

In this case the one-form 9 is not exact, and so a result of flH[5]| shows that H l e (M) vanishes for 
i = and i = 4. Therefore the vanishing of the Euler characteristic implies that Hg(M) is at least 
2-dimensional, giving a negative answer to Banyaga's question. 



3. MOSER STABILITY 

In this section we consider families cu t of locally conformally symplectic forms depending 
smoothly on a parameter t 6 [0, 1]. The uniqueness of the Lee form 9 t implies that this depends 
smoothly on t as well. 

Recall that Moser's stability theorem [7] says that if the uj t are actually symplectic, then they 
are isotopic as forms if and only if their de Rham cohomology class is independent of t. Now 
one expects to transpose this statement to the lcs category by replacing the de Rham cohomology 
by the Lichnerowicz cohomology. This is slightly complicated for two reasons. First of all, the 
Lichnerowicz cohomology depends on 6 t , which is not necessarily fixed, but varies with t. Thus 
the cohomology one needs to consider also varies with t. Second of all, we would like to have a 
conformally invariant statement, which holds for lcs structures rather than forms. This explains 
why the following theorem looks more complicated than Moser's. 

Theorem 3. Let u t be a family of locally conformally symplectic forms on a closed manifold M, 
depending smoothly on t 6 [0, 1]. Denote by 9t the Lee form ofujt. 

There exists an isotopy <pt with 4>* t uJt conformally equivalent to ooofor all t if and only if there are 
positive smooth functions f t on M, varying smoothly with t, such that the time derivative -^(f t u>t) 
of the conformally rescaled family f t u t is d d ' t -exact for every t, where 9' t = 9 t + d\nf t is the Lee 
form of f t u t . 

Proof. First suppose that there is an isotopy <p t so that (f)* t uj t is conformally equivalent to ujq for all 
t. After rescaling the uj t suitably, we may assume 4>* t uo t = cu . Let X t be the time-dependent vector 
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field obtained by differentiating <p t . By the Cartan formula we have: 

= ^Mt u t) = ^tfat + L Xt uJ t ) 
= <pl(u t + di Xt uJt + ix t dut) 
= 4>* t {u t + di Xt ^t + ix t {wt A t )) 
= (j)*(uj t + dixM ~ 9t A (ix t ^t) + O t (X t )u t ) 

We conclude that 

(4) LO t = -do t (ix t Vt) ~ 9 t {X t )u t . 

Now consider the family f t uj t with 

ft = exp f f 9 s (X s )ds 

This satisfies 

d,t 



-rXftUt) = ftwt + ft^t 



= fA{X t )u t - f t (d 9t (i Xt u t ) + 9 t {X t )u t ) 

= -ftde t {ix t u t ) 

— —de t +d\n f t (ftix t ^t) , 

where we first used ©, and then ©. Thus j- t (f t uj t ) is indeed d / -exact, where 9[ — 6 t + din f t is 
the Lee form of f t co t . 

For the converse assume that we have rescaled uj t in such a way that u t is dg t -exact for every t. 
As explained in Section [2l by Hodge theory for the Lichnerowicz cohomology, there is a unique 
a t in the image of d* 6 with the property that dg t a t = u>t- As u> t depends smoothly on t, and 
a t is specified uniquely for every t, it follows that a t also depends smoothly on t. We define a 
time-dependent vector field X t by the requirement that 

ix t u t = -at ■ 

This exists and is unique because uj t is non-degenerate. As both uj t and a t depend smoothly on t, 
so does X t . Let <p t be its flow. Now the same calculation as before yields 

= (jf t {to t + di Xt u t - 9 t A (ix t ^) + 9 t (X t )uj t ) 
= 4>l(ut - d 9t a t + d t (X t )uj t ) 

= 4>*t(0t(x t )) ■ fit* ■ 



It follows that 



4>* t u t = exp ( / <f)* s (8 s (X s ))ds ) ■ ujq . 



This completes the proof. □ 

Note that in the second part of the proof we produced an isotopy <p t between the conformal 
equivalence classes of the uj t . As the de Rham cohomology class of the Lee form is conformally 
invariant, and <p t acts trivially on de Rham cohomology, we conclude that the de Rham cohomology 
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class of the Lee forms 9 t is independent of t. We do not need to assume this in the theorem, as the 
proof shows that it is implied by the assumption that 4(/^t) is d e j-exact for all t. 

If we assume that the Lee forms are independent of t, then Theorem [3] implies the following 
statement, first proved by Banyaga (Theorem 4 of [QQ|): 

Corollary 4. Let u t be a smooth family of les forms on a compact manifold M having the same 
Lee form 9. Ifu t — ljo is d e -exact for all t, then there exist a family of functions f t and an isotopy 
4>t such that 4>t(t0t) = /t^o- 

Another special case of Theorem [3] previously proved by Banyaga is the following (Theorem 5 
of ID): 

Corollary 5. Let u% a smooth family of les forms on a compact manifold M such that the corre- 
sponding Lee forms 9 t have the same de Rham cohomology class. Suppose there exists a smooth 
family ofl-forms at such that ujt = dat — 9 t A at. Then there exists an isotopy <pt such that fyuit 
is conformally equivalent to u> for all t. 

Proof. In this case we have 

(5) u t = da t -9 t Aa t -9 t Aa t = d 6t a t -9 t Aa t . 

Because of the second summand on the right-hand side, it is not obvious that Theorem [3] applies. 
However, here one has the additional assumption that the de Rham cohomology class of 9 t is 
independent of t. This means that 9 t = dh t for some smoothly varying family of functions h t . Let 

9t = ~ h s ds 
Jo 

and f = exp g t . With these definitions we have 

4(/t^t) = ftVt + ft^t 
dt 

= ftfltVt + ft(d et a t -9 t A at) 

= ft(-h t (da t -9 t A a t ) + d 6t a t - 9 t A a t ) 

= ftde t (-hta t + a t ) 

= d et+d i n ft (f t (-h t a t + a t )) , 

where we used first ©, then 9 t = dh t , and finally ©. 

We are now in a position to appeal to the sufficiency proof for the existence of the isotopy from 
(the proof of) Theorem [3l However, as we have an explicit smooth family of de t+ d\nf t -primitives 
for ^- t (f t LO t ), Hodge theory is not needed. □ 

Remark 6. Instead of deducing Corollary [5] from Theorem [3l one can give a quick direct proof as 
follows. Given a smooth family of functions h t such that 9 t = dh t , one defines a time-dependent 
vector field X t by 

i Xt uJ t = -a t + h t a t . 

Then its flow <\> t satisfies 

j t (<j>* t u t ) = cj>;((9 t (X t ) + h t )u t ) 
by the same kind of calculation as above, and so provides the desired isotopy. 
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4. Conclusion 

In this paper we have given a necessary and sufficient condition for the existence of an isotopy 
(j) t making a smooth family of lcs structures constant. The necessity had not appeared in the 
literature before. Banyaga [1J had discussed special cases of the sufficiency. Comparing our 
arguments with his, the main difference is that we work directly on a closed manifold M and 
construct the desired isotopy by integrating a time-dependent vector field on M, whereas Banyaga 
Q works on a covering of M which is no longer compact. The non-compactness leads to two 
complications. One is that completeness of (time-dependent) vector fields is not always available, 
and care has to be taken to ensure it in the situation at hand. The other complication is that Hodge 
theory is not available, and the only way to find smooth families of primitives for ofo-exact forms 
is Grothendieck's theory of nuclear spaces. 
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